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In this paper, the enriched boundary element-free method for two-dimensional fracture problems is presented. An
improved moving least-squares (IMLS) approximation, in which the orthogonal function system with a weight function
is used as the basis function, is used to obtain the shape functions. The IMLS approximation has greater computational
eﬃciency and precision than the existing moving least-squares (MLS) approximation, and does not lead to an ill-condi-
tioned system of equations. Combining the boundary integral equation (BIE) method and the IMLS approximation, a
boundary element-free method (BEFM), for two-dimensional fracture problems is obtained. For two-dimensional fracture
problems, the enriched basis function is used at the tip of the crack, and then the enriched BEFM is presented. In com-
parison with other existing meshless boundary integral equation methods, the BEFM is a direct numerical method in which
the basic unknown quantity is the real solution of the nodal variables, and the boundary conditions can be implemented
easily, which leads to a greater computational precision. When the enriched BEFM is used, the singularity of the stresses at
the tip of the crack can be shown better than that in the BEFM. For the purposes of demonstration, some selected numer-
ical examples are solved using the enriched BEFM.
 2006 Elsevier Ltd. All rights reserved.
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The meshless, or mesh-free, method is a new computational technique, and is developed rapidly in recent
years. The meshless method has some advantages over the traditional computational methods, such as ﬁnite
element method (FEM) and boundary element method (BEM). And it can solve many engineering problems
that are not well suited to the use of traditional computational methods, especially for problems of extremely
large deformation (Liew et al., 2002a,b; 2006a), dynamic fracturing, and explosion (Belytschko et al., 1996;
Liew et al., 2004a, 2005a).0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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tion (BIE) methods with the methods to obtain the approximation functions in the meshless methods. The
boundary node method (BNM) is one of the meshless boundary integral equation methods (Mukherjee and
Mukherjee, 1997; Kothnur et al., 1999; Chati et al., 1999; Chati and Mukherjee, 2000). Mukherjee and his
co-workers (Mukherjee and Mukherjee, 1997; Chati et al., 1999) have used the BNM to solve both potential
problems and linear elasticity problems. Another meshless boundary integral equation method is the local
boundary integral equation (LBIE) method, which is presented by Zhu et al. (1998) for the solution of linear
and nonlinear boundary value problems. In the BNM, the basic unknown quantities are the approximations
of the nodal variables, but they are not the real nodal variables, and the boundary conditions cannot be
applied directly. With the LBIE method, the traction term is not included in the local boundary integral equa-
tion. The LBIE method can be applied to solve problems with complicated boundaries, but the local founda-
tion solution in the LBIE method is more complicated than it is in the conventional boundary integral
equation method. Moreover, in the LBIE method, the basic unknown quantities are also the approximations
of the nodal variables, and thus the boundary conditions cannot be applied directly. The BNM and LBIE
methods are the indirect meshless boundary integral equation methods.
A new meshless boundary integral equation method, i.e., boundary element-free method (BEFM), was pre-
sented by the authors of this paper (Kitipornchai et al., 2005; Liew et al., 2005b, 2006b). In the BEFM, the
basic unknown quantities are the real solutions of the nodal variables, but in the BNM and LBIE method,
the basic unknown quantities are the approximations of the nodal variables. With the BEFM, the numerical
solutions of the real nodal variables can be obtained, but with the BNM and the LBIE method, only the
numerical solutions of the approximations of the real nodal variables can be obtained. In the BEFM, the
boundary conditions can be applied directly and easily, but in the BNM and LBIE, the boundary conditions
are applied after they are transformed into their approximations on the boundary nodes with the MLS
approximation. From the MLS formulae, the numerical solutions of the variables on any boundary point
must be obtained from the real solutions on the boundary nodes, but not from the approximations of the real
solutions. The BEFM is a direct numerical mesh-free method of the boundary integral equation, but the BNM
and LBIE are indirect mesh-free methods. Hence, the BEFM has greater computational precision and can be
easily applied to other problems that can be solved with the boundary element method.
A new method to obtain the approximation function, i.e., improved moving least-squares (IMLS) approx-
imation is used in the BEFM. The moving least-squares (MLS) approximation was developed from the con-
ventional least-squares method (Lancaster and Salkauskas, 1981; Liew et al., 2003, 2004b), and the ﬁnal
algebra equations system is sometimes ill-conditioned, then sometimes we can not obtain a good solution,
or even correctly obtain a numerical solution. In comparison with the MLS, in the IMLS approximation,
the algebra equation system is not ill-conditioned, and can be solved without having to obtain the inverse
matrix. There are also fewer coeﬃcients in the IMLS than there are in the MLS approximation, and hence
the computing speed and eﬃciency are greater.
In this paper, for two-dimensional fracture problems, the enriched basis function is used at the tip of the
crack, and then the enriched BEFM for two-dimensional fracture problems is presented. And the IMLS
approximation is used to obtain the approximation function. In comparison with the BEFM, the singularity
of the stresses at the tip of the crack can be shown better when the enriched BEFM is used. For the purposes of
demonstration, some selected numerical examples are solved using the enriched BEFM.2. Improved moving least-squares approximation
In the MLS approximation, the trial function isuhðxÞ ¼
Xm
i¼1
piðxÞaiðxÞ ¼ pTðxÞaðxÞ; ð1Þwhere pi(x), i = 1,2, . . ., m, are monomial basis functions, m is the number of terms in the basis, and ai (x) are
the coeﬃcients of the basis functions.
In general, the basis functions are as follows.
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pT ¼ ð1; x1; x2Þ in 2D: ð3Þ• Quadratic basis:pT ¼ ð1; x1; x21Þ in 1D; ð4Þ
pT ¼ ð1; x1; x2; x21; x1x2; x22Þ in 2D: ð5ÞThe local approximation that is deﬁned by Lancaster and Salkauskas (1981) isuhðx; xÞ ¼
Xm
i¼1
piðxÞaiðxÞ ¼ pTðxÞaðxÞ: ð6ÞTo precisely obtain the local approximation of the function u(x), the diﬀerence between the local approxima-
tion uh(x) and the function u(x) must be minimized by a weighted least-squares method.
Deﬁne a functionalJ ¼
Xn
I¼1
wðx xIÞ½uhðx; xIÞ  uðxIÞ2
¼
Xn
I¼1
wðx xIÞ
Xm
i¼1
piðxIÞ  aiðxÞ  uðxIÞ
" #2
;
ð7Þwhere w(x  xI) is a weight function with compact support, and xI, I = 1,2, . . .,n, are the nodes in a compact
support domain of point x.
Eq. (7) can be written asJ ¼ ðPa uÞTWðxÞðPa uÞ; ð8Þ
whereuT ¼ ðu1; u2; . . . ; unÞ; ð9Þ
P ¼
p1ðx1Þ p2ðx1Þ    pmðx1Þ
p1ðx2Þ p2ðx2Þ    pmðx2Þ
..
. ..
. . .
. ..
.
p1ðxnÞ p2ðxnÞ    pmðxnÞ
2
66664
3
77775; ð10Þ
WðxÞ ¼
wðx x1Þ 0    0
0 wðx x2Þ    0
..
. ..
. . .
. ..
.
0 0    wðx xnÞ
2
66664
3
77775: ð11ÞThen, fromoJ
oa
¼ 0; ð12Þwe haveAðxÞaðxÞ ¼ BðxÞu; ð13Þ
where matrices A(x) and B(x) areAðxÞ ¼ PTWðxÞP; ð14Þ
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From Eq. (13) we can obtainaðxÞ ¼ A1ðxÞBðxÞu: ð16Þ
The expression of the local approximation uh(x) is thenuhðxÞ ¼ UðxÞu ¼
Xn
I¼1
UIðxÞuI ; ð17Þwhere U(x) is called the shape function andUðxÞ ¼ ½U1ðxÞ;U2ðxÞ; . . . ;UnðxÞ ¼ pTðxÞA1ðxÞBðxÞ: ð18Þ
This is the MLS approximation.
In the MLS approximation, span(p) is a Hilbert space.
For "f(x), g(x) 2 span(p), the following inner productðf ; gÞ ¼
Xn
I¼1
wðx xIÞf ðxIÞgðxIÞ ð19Þis deﬁned.
On Hilbert space span(p), for the set of points {xi} and weight functions {wi}, if the functions p1(x),
p2(x), . . ., pm(x) satisfy the following conditionsðpk; pjÞ ¼
Xn
i¼1
wipkðxiÞpjðxiÞ ¼
0 k 6¼ j
Ak k ¼ j

ðk; j ¼ 1; 2; . . . ;mÞ; ð20Þthen the weight function set p1(x),p2(x), . . ., pm(x) is called an orthogonal function set with the weight function
{wi} about points {xi}. If p1(x),p2(x),. . .,pm(x) are polynomials, then the function set p1(x),p2(x), . . .,pm(x) is
called an orthogonal polynomial set with the weight functions {wi} about points {xi}.
The orthogonal basis function set p = (pi) with the weight function can be formed as follows:p1 ¼ 1;
pi ¼ ri1 
Xi1
k¼1
ðri1; pkÞ
ðpk; pkÞ
pk; i ¼ 2; 3; . . .
ð21ÞOr can be expressed asp1 ¼ 1;
p2 ¼ r  a2;
pi ¼ ðr  aiÞpi1  bipi2; i ¼ 3; 4;   
ð22Þwhereai ¼ ðrpi1; pi1Þðpi1; pi1Þ
ð23Þ
bi ¼ ðpi1; pi1Þðpi2; pi2Þ
ð24Þand r = x1 for one-dimensional problems, r ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ x22
p
or r = x1 + x2 for two-dimensional problems, and
r ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ x22 þ x23
p
or r = x1 + x2 + x3 for three-dimensional problems.
Eq. (13) can then be written as
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ðp2; p1Þ ðp2; p2Þ    ðp2; pmÞ
..
. ..
. . .
. ..
.
ðpm; p1Þ ðpm; p2Þ    ðpm; pmÞ
2
66664
3
77775
a1ðxÞ
a2ðxÞ
..
.
amðxÞ
2
66664
3
77775 ¼
ðp1; uIÞ
ðp2; uIÞ
..
.
ðpm; uIÞ
2
66664
3
77775: ð25ÞIf the basis function set pi(x) 2 span(p), i = 1,2, . . .,m, is a weighted orthogonal function set about points {xi},
i.e.,ðpi; pjÞ ¼ 0; ði 6¼ jÞ; ð26Þ
then Eq. (25) becomesðp1; p1Þ 0    0
0 ðp2; p2Þ    0
..
. ..
. . .
. ..
.
0 0    ðpm; pmÞ
2
66664
3
77775
a1ðxÞ
a2ðxÞ
..
.
amðxÞ
2
66664
3
77775 ¼
ðp1; uIÞ
ðp2; uIÞ
..
.
ðpm; uIÞ
2
66664
3
77775: ð27ÞWe can then directly obtain the coeﬃcients ai(x) as follows:aiðxÞ ¼ ðpi; uIÞðpi; piÞ
; ði ¼ 1; 2; . . . ;mÞ; ð28Þi.e.,aðxÞ ¼ AðxÞBðxÞu; ð29Þ
whereAðxÞ ¼
1
ðp1;p1Þ 0    0
0 1ðp2;p2Þ    0
..
. ..
. . .
. ..
.
0 0    1ðpm;pmÞ
2
6666664
3
7777775
: ð30ÞFrom Eqs. (28) and (1), the expression of the approximation function uh(x) isuhðxÞ ¼ UðxÞu ¼
Xn
I¼1
UIðxÞuI ; ð31Þwhere UðxÞ is the shape function and
UðxÞ ¼ ½ U1ðxÞ; U2ðxÞ;    ; UnðxÞ ¼ pTðxÞAðxÞBðxÞ: ð32ÞThis is an improved moving least-squares (IMLS) approximation. In an IMLS approximation, the coeﬃcients
ai(x) are obtained simply and directly. It is impossible to form an ill-conditioned or singular equations system.
Hence, we can correctly obtain the solution.
3. Boundary element-free method for two-dimensional elasticity
We consider the following two-dimensional problem in linear elasticity on the domain X bounded by the
boundary C:rji;j þ bi ¼ 0; in X; ð33Þ
where rij is the stress tensor, bi is the body force, i, j = 1,2.
The corresponding boundary conditions are given as follows:
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tiðxÞ ¼ rijðxÞnj ¼ tiðxÞ; x 2 Cr; ð35Þwhere ui are the displacements, ti are the tractions, ui and ti are the prescribed displacements and tractions on
the displacement boundary Cu and on the traction boundary Cr, respectively, and ni is the unit outward nor-
mal to the boundary C.
From the weighted residuals method, we obtain the following boundary integral equationuiðnÞ ¼
Z
C
ujiðn; xÞtjðxÞdC
Z
C
tijðn; xÞujðxÞdCþ
Z
X
uijðn; xÞfjðxÞdX ð36Þfor the load point n that is located inside X, andCijðnÞujðnÞ ¼
Z
C
uijðn; xÞtjðxÞdC
Z
C
tijðn; xÞujðxÞdCþ
Z
X
uijðn; xÞfjðxÞdX ð37Þfor the load point n that is located on the boundary C. Here, Cki is the function of the internal angle that the
boundary C makes at the given point n; uij and t

ij are chosen to be the displacement and the traction of Kel-
vin’s solution, and they are the jth components of the displacement and traction due to a unit load in the xi
direction.
For the convenience of discussion, we assume that the body force is zero.
The boundary C is separated into sub-domains Cn, n = 1, 2, . . ., N. Here, N is the total number of the sub-
domains. Then,C ¼
[N
n¼1
Cn ð38Þand Cn and Cn1 are connected with a point. Cn is not a boundary element, so no shape function is dependent
on it. Cn are only used so that the integrals in Eqs. (37) and (36) can be obtained numerically.
Eq. (37) can then be written asCkiðnÞuiðnÞ ¼
XN
n¼1
Z
Cn
ukiðn; xÞtiðxÞdC
XN
n¼1
Z
Cn
tkiðn; xÞuiðxÞdC: ð39ÞSome nodes are selected on each sub-domain Cn. The corresponding domain of inﬂuence for each node is
built. The domains of inﬂuence of all of the nodes must cover the boundary C.
From the expression of the approximation function Eq. (31), we letuðxÞ ¼
XnI
I¼1
UIðxÞuI ; ð40Þ
tðxÞ ¼
XnI
I¼1
UIðxÞtI ; ð41Þand Eq. (39) becomesCkiðnJ ÞuiðnJ Þ ¼
XN
n¼1
Z
Cn
ukiðnI ; xÞ
XnI
I¼1
UIðxÞtiðnIÞdC
XN
n¼1
Z
Cn
tkiðnI ; xÞ
XnI
I¼1
UIðxÞuiðnIÞdC; ð42Þwhere nI are nodes and nI is the number of nodes with domains of inﬂuence that cover the ﬁeld point x.
The following cubic spline weight functionswðdÞ ¼
2
3
 4d2 þ 4d3; d 6 1
2
4
3
 4d þ 4d2  4
3
d3; 1
2
< d 6 1
0; d > 1
8><
>: ; ð43Þ
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d^
, dI = kx  xIk, and d^ is the radius of the domain of
inﬂuence.
Using the numerical method for the integrals in Eq. (39), we have the following linear algebra equationðC þHÞU ¼ GT ; ð44Þ
Where C = (Cki), andU ¼ ½u11; u12; u21; u22; . . . ; unI ;1; unI ;2T ; ð45Þ
T ¼ ½t11; t12; t21; t22; . . . ; tnI ;1; tnI ;2T : ð46ÞSubstituting the boundary conditions into Eq. (44) and solving the equation, we can obtain the displacements
and tractions at nodes on the boundary C.
When the load point n is located in the domain X, from Eq. (36) we haveuiðnÞ ¼
XN
n¼1
Z
Cn
ukiðnI ; xÞ
XnI
I¼1
UIðxÞtiðnIÞdC
XN
n¼1
Z
Cn
tkiðnIÞ
XnI
I¼1
UIðxÞuiðnIÞdC; ð47Þand we can then obtain the displacements at the point n. From Hooke’s law, the stresses at the point can then
be obtained.
4. Enriched basis function at the tip of a crcak in IMLS
4.1. The displacement ﬁeld at the tip of a crack
For the two-dimensional fracture problems, the displacement ﬁeld at the tip of a mixed mode crack isu1ðxÞ ¼ KI
2G
ﬃﬃﬃﬃﬃ
r
2p
r
cos
h
2
j 1þ 2 sin2 h
2
 
þ KII
2G
ﬃﬃﬃﬃﬃ
r
2p
r
sin
h
2
jþ 1þ 2 cos2 h
2
 
; ð48Þ
u2ðxÞ ¼ KI
2G
ﬃﬃﬃﬃﬃ
r
2p
r
sin
h
2
jþ 1 2 cos2 h
2
 
 KII
2G
ﬃﬃﬃﬃﬃ
r
2p
r
cos
h
2
j 1 2 sin2 h
2
 
: ð49ÞThe functions Q1a(x)and Q2a(x) are deﬁned as follows:Q11ðxÞ ¼
1
2G
ﬃﬃﬃﬃﬃ
r
2p
r
cos
h
2
j 1þ 2 sin2 h
2
 
; ð50Þ
Q12ðxÞ ¼
1
2G
ﬃﬃﬃﬃﬃ
r
2p
r
sin
h
2
jþ 1 2 cos2 h
2
 
; ð51Þ
Q21ðxÞ ¼
1
2G
ﬃﬃﬃﬃﬃ
r
2p
r
sin
h
2
jþ 1þ 2 cos2 h
2
 
; ð52Þ
Q22ðxÞ ¼
1
2G
ﬃﬃﬃﬃﬃ
r
2p
r
cos
h
2
j 1 2 sin2 h
2
 
; ð53Þr
1x
2x
Crack 
O 
θ
Fig. 1. The local coordinate system at the crack tip.
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at the crack tip (see Fig. 1), G is the shear modulus,j ¼ 3 4m Plain strain3m
1þm Plain stress
(
ð54Þand m is the Poisson’s ratio.
4.2. The trial function in the IMLS for fracture problems
4.2.1. Enriched trial function method
In the enriched trial function method, the trial function for fracture problems is obtained from the trial
function (1), and the terms that describe the displacement ﬁeld at the tip of a crack are included. And then
(Fleming et al., 1997)uhaðxÞ ¼ pTðxÞ  aaðxÞ þ
Xnc
j¼1
kj1Q
j
1aðxÞ þ kj2Qj2aðxÞ
 
; ð55Þwhere uha; a ¼ 1; 2 is the approximation of the exact solution ua, nc is the number of the cracks in the domain,
and kj1 and k
j
2 are unknown parameters associated with the jth crack.
Corresponding to the approximation (55), the local approximation at x is deﬁned asuhaðx; xÞ ¼ pTðxÞ  aaðxÞ þ
Xnc
j¼1
kj1Q
j
1aðxÞ þ kj2Qj2aðxÞ
 
: ð56ÞDeﬁneJ ¼
Xn
I¼1
wðx xIÞ½uhaðx; xIÞ  uaðxIÞ2
¼
Xn
I¼1
wðx xIÞ½pTðxIÞ  aaðxÞ þ
Xnc
j¼1
kj1Q
j
1aðxIÞ þ kj2Qj2aðxIÞ
  uaðxIÞ2 ð57Þ
then fromoJ
oaaðxÞ ¼ 0; ð58Þwe haveAðxÞaaðxÞ ¼
Xn
I¼1
PIðxÞðuaðxIÞ 
Xnc
j¼1
½kj1Qj1aðxIÞ þ kj2Qj2aðxIÞÞ; ð59ÞwherePIðxÞ ¼ ½wðx x1Þpðx1Þ;wðx x2Þpðx2Þ; . . . ;wðx xnÞpðxnÞ: ð60Þ
From Eq. (59) we can obtainaaðxÞ ¼
Xn
I¼1
A1ðxÞPIðxÞ uaðxIÞ 
Xnc
j¼1
kj1Q
j
1aðxIÞ þ kj2aQj2ðxIÞ
  !
: ð61ÞThen from Eq. (55) we haveuhaðxÞ ¼
Xn
I¼1
pTðxÞA1ðxÞPIðxÞ uaðxIÞ 
Xnc
j¼1
½kj1Qj1aðxIÞ þ kj2Qj2aðxIÞ
 !
þ
Xnc
j¼1
½kj1Qj1aðxÞ þ kj2Qj2aðxÞ: ð62ÞEq. (62) can be written as
4228 K.M. Liew et al. / International Journal of Solids and Structures 44 (2007) 4220–4233uhaðxÞ ¼
Xn
I¼1
/IðxÞ~uaðxIÞ þ
Xnc
j¼1
½kj1Qj1aðxÞ þ kj2Qj2aðxÞ; ð63Þwhere/IðxÞ ¼ pTðxÞA1ðxÞPIðxÞ; ð64Þ
~uaðxIÞ ¼ uaðxIÞ 
Xnc
j¼1
½kj1Qj1aðxIÞ þ kj2Qj2aðxIÞ: ð65ÞWhen the basis function set pi(x), i = 1,2, . . .,m, is a weighted orthogonal function set about points {xI}, then
we haveuhaðxÞ ¼
Xn
I¼1
/IðxÞ~uaðxIÞ þ
Xnc
j¼1
½kj1Qj1aðxÞ þ kj2Qj2aðxÞ; ð66Þwhere/IðxÞ ¼ pTðxÞAðxÞPIðxÞ: ð67Þ4.2.2. Enriched basis function method
The trial function for fracture problems can be obtained by expanding the basis function. In the enriched
basis function method, the trial function for fracture problems is obtained from the trial function (31) in the
IMLS, and the terms that describe the displacement ﬁeld at the tip of a crack are included in the basis func-
tion. For linear elastic fracture problems, the basis function must include important terms in the displacement
ﬁeld at the tip of a crack. To obtain the solution precisely, all terms in the displacement ﬁeld at the tip of a
crack can be included in the basis function. This is the complete enriched basis function method, and the basis
function isqTðxÞ ¼ 1; x1
ﬃﬃ
r
p
cos
h
2
;
ﬃﬃ
r
p
sin
h
2
;
ﬃﬃ
r
p
sin
h
2
sin h;
ﬃﬃ
r
p
cos
h
2
sin h
 
; ð68ÞorqTðxÞ ¼ 1; x1; x21;
ﬃﬃ
r
p
cos
h
2
;
ﬃﬃ
r
p
sin
h
2
;
ﬃﬃ
r
p
sin
h
2
sin h;
ﬃﬃ
r
p
cos
h
2
sin h
 
: ð69ÞUsing the Schmidt method the orthogonal basis function set p = (pi) with the weight function can be obtained
from the basis functions (68) and (69), i.e.,pi ¼ qi 
Xi1
k¼1
ðqi; pkÞ
ðpk; pkÞ
pk; i ¼ 1; 2; 3; . . . : ð70ÞFrom the IMLS approximation, we haveuhaðxÞ ¼
Xn
I¼1
pTðxÞAðxÞPIðxÞuaðxIÞ: ð71ÞThen we haveuhaðxÞ ¼
Xn
I¼1
/IuaðxIÞ; ð72ÞIn the enriched trial function method, the number of unknown coeﬃcients in the trial function is more than
the one in Eq. (31). But in the enriched basis function method, the number of unknown coeﬃcients in the trial
function is the same with the one in Eq. (31).
In the enriched BEFM for two-dimensional fracture problems, we also use the local enriched basis function
method, and the function
ﬃﬃ
r
p
is used to expand the basis function, i.e.
K.M. Liew et al. / International Journal of Solids and Structures 44 (2007) 4220–4233 4229qTðxÞ ¼ ½1; x; ﬃﬃrp ; ð73Þ
orqTðxÞ ¼ ½1; x; x2; ﬃﬃrp : ð74Þ
Then we haveuhaðxÞ ¼
Xn
I¼1
pTðxÞAðxÞpðxÞW ðxÞuaðxIÞ: ð75ÞComparing with the complete enriched basis function method, the local enriched basis function method has a
greater computing speed, and can simulate the stress ﬁeld at the tip of a crack well with fewer nodes.
5. Example problems
Two example problems are selected to demonstrate the applicability of the enriched BEFM. The results
that are obtained for these examples are compared with the existing analytical or experimental solutions that
have been published in the literature.
The ﬁrst example that is considered (Fig. 2) is a rectangular plate with a crack under a distributed load. The
load is r = 1000 Pa, and the other parameters used in our analysis are L = 20 mm, D = 26 mm, a = 4 mm,
E = 2.0 · 105 MPa, m = 0.25.
The analytical stresses at the tip of a crack are (Broek, 1982):r11 ¼ KIﬃﬃﬃﬃﬃﬃﬃ
2pr
p cos h
2
1 sin h
2
sin
3h
2
 	
r22 ¼ KIﬃﬃﬃﬃﬃﬃﬃ
2pr
p cos h
2
1þ sin h
2
sin
3h
2
 	
r12 ¼ KIﬃﬃﬃﬃﬃﬃﬃ
2pr
p cos h
2
sin
h
2
cos
3h
2
;where KI is the stress intensity factor, anda
2D
L
1x
2x
σ
σ
Fig. 2. A rectangular plate with a crack under a distributed load.
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ﬃﬃﬃﬃﬃ
ap
p
;whereC ¼ 1:12 0:231 a
L

 
þ 10:55 a
L

 2
 21:72 a
L

 3
þ 30:39 a
L

 4
:Due to the symmetry of the model, only half of the model is needed in the analysis. As is shown in Fig. 3, a
total of 58 nodes are employed on the boundary. The quadratic basis function is used. The cubic spline func-
tion (43) are selected as the weight function, and d^ ¼ 3:8. The normalized stress intensity factor KI=ðr
ﬃﬃﬃﬃﬃ
ap
p Þ is
considered. In our calculation, the numerical normalized stress intensity factor that is obtained is 1.361, which
compares better with the analytical result of 1.37 than the BEFM result of 1.352. The stress at the tip of the
crack that is furnished by the cubic spline function is presented in Fig. 4. The present results again show excel-
lent agreement with the analytical solution (Broek, 1982).a
Fig. 3. The nodes on the boundary of the rectangular plate with a crack.
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Fig. 4. The stress r22 at x2 = 0.
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Fig. 5. The geometry of the quasi-static crack growth problem.
a
Fig. 6. The nodes on the boundary of the quasi-static crack growth problem.
K.M. Liew et al. / International Journal of Solids and Structures 44 (2007) 4220–4233 4231The second example that is considered is a quasi-static crack growth problem. The geometry is shown in
Fig. 5, and R = 25 mm, a = 4 mm, P = 2 MPa, r = 4 MPa. The other parameters used in our analysis are
E = 4.86 · 103 MPa and m = 0.2.
Due to the symmetry of the model, only half of the model is needed in the analysis. As is shown in Fig. 6, a
total of 53 nodes are employed on the boundary. The quadratic basis function is used. The cubic spline func-
tion are selected as the weight function, and d^ ¼ 3. To obtain the growth path of the crack, 9 steps are used to
simulate the quasi-static crack growth. And at each step, we obtain the normalized stress intensity factors
(NSIFs) and the growth direction of the crack, and assume that the growth length of the crack is Da = 2 mm.
The coordinates of the crack tip and the normalized stress intensity factors KI=ðr
ﬃﬃﬃﬃﬃ
ap
p Þ and KII=ðr
ﬃﬃﬃﬃﬃ
ap
p Þ at each
step are considered, and the numerical results are shown in Table 1. The growth path of the crack is shown in
Fig. 7, and it agrees with the experimental result in Fig. 8 (Li and Cheng, 2005).
6. Conclusions
By expanding the basis function in the IMLS, the enriched BEFM is presented in this paper for two-dimen-
sional fracture problems. The enriched BEFM is a direct meshless boundary integral equation method, and
the boundary conditions can be applied directly.
Table 1
The crack tip coordinates and the normalized stress intensity factors
Step The crack tip coordinates NSIFs
x1 x2 KI=ðr
ﬃﬃﬃﬃﬃ
ap
p Þ KII=ðr
ﬃﬃﬃﬃﬃ
ap
p Þ
0 4.00 0.00 14.852 0.3986
1 5.703 1.0536 15.1201 3.7329
2 7.4885 2.2512 14.3568 4.7231
3 9.2013 3.1608 15.5105 4.052
4 10.9978 5.8803 15.6012 5.3698
5 12.7473 7.6239 19.392 6.9328
6 14.4931 12.1621 22.7659 10.6632
7 16.2421 12.6202 28.8236 18.3289
8 18.012 13.3291 36.7721 30.2118
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Fig. 7. The numerically simulated crack growth path.
Initial crack 
The crack growth path 
Fig. 8. The experimental results of the crack growth path.
4232 K.M. Liew et al. / International Journal of Solids and Structures 44 (2007) 4220–4233In the enriched BEFM, the IMLS approximation is used, and then the algebra equation system is not ill-
conditioned, the system can be solved without having to obtain the inverse matrix, and fewer coeﬃcients are
involved, which thus accelerates the computing speed.
In comparison with the BNM or the LBIE method, in the enrich BEFM the basic unknown quantities are
the real solutions of the nodal variables, but in the BNM and the LBIE, the basic unknown quantities are the
approximations of the nodal variables. With the enriched BEFM, the numerical solutions of the real nodal
K.M. Liew et al. / International Journal of Solids and Structures 44 (2007) 4220–4233 4233variables can be obtained, but with BNM and the LBIE method, only the numerical solutions of the approx-
imations of the real nodal variables can be obtained. With the enrich BEFM, the boundary conditions can be
directly and easily implemented, but with the BNM and the LBIE method, the boundary conditions are
applied after they are transformed into their approximations on the boundary nodes with an MLS approxi-
mation. The enriched BEFM is a direct meshless boundary integral equation method, but the BNM and the
LBIE are indirect methods.
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